Exact hydrodynamic attractor of an ultrarelativistic gas of hard spheres by Denicol, Gabriel S. & Noronha, Jorge
Exact hydrodynamic attractor of an ultrarelativistic gas of hard spheres
Gabriel S. Denicol1 and Jorge Noronha2, 3
1Instituto de F´ısica, Universidade Federal Fluminense, UFF, Nitero´i, 24210-346, RJ, Brazil∗
2Department of Physics, University of Illinois, 1110 W. Green St., Urbana IL 61801-3080, USA†
3Instituto de F´ısica, Universidade de Sa˜o Paulo, Rua do Mata˜o,
1371, Butanta˜, 05508-090, Sa˜o Paulo, SP, Brazil
(Dated: August 28, 2019)
We derive the general analytical solution of the viscous hydrodynamic equations for an ultrarela-
tivistic gas of hard spheres undergoing Bjorken expansion, taking into account effects from particle
number conservation, and use it to analytically determine its attractor at late times. Differently
than all the cases considered before involving rapidly expanding fluids, in this example the gradient
expansion converges. We exactly determine the hydrodynamic attractor of this system when its
microscopic dynamics is modeled by the Boltzmann equation with a fully nonlinear collision kernel.
The exact late time attractor of this system can be reasonably described by hydrodynamics even
when the gradients are large.
1. Introduction. Hydrodynamics is an effective theory describing the dynamics of a many-body system at times
and distances that are considerably larger than any microscopic scale. Such a separation of scales is commonly
characterized by a dimensionless quantity called the Knudsen number, Kn = `/L, where ` is the relevant microscopic
scale, and L is a macroscopic scale associated with the gradients of conserved currents. Since the seminal work of
Hilbert, Chapman, and Enskog [1, 2], hydrodynamic descriptions have been constructed via truncations of a systematic
expansion of the conserved currents in powers of the Knudsen number. The zeroth-order truncation of this gradient
expansion leads to the equations of ideal fluid dynamics, while Navier-Stokes theory corresponds to its first-order
truncation [3].
The large order behavior of the gradient expansion is generally not well understood and, so far, has only been studied
in a few problems that involve highly symmetrical, relativistically expanding systems [4]. In such examples, the series
was shown to diverge [4–8] and, hence, in these cases the gradient expansion cannot be used to systematically define
and improve hydrodynamic formulations. This motivated the search for alternative ways to define hydrodynamics in
such a way that it could also be consistent (and accurate) even when the Knudsen number is not parametrically small
[9–28].
The current working hypothesis is that hydrodynamics may be defined as a universal attractor [5] where the
dissipative currents display universal behavior that is independent of their initial conditions. This indicates the
emergence of constitutive relations involving the dissipative currents and the gradients of conserved quantities, which
may be non-perturbative in the Knudsen number [5, 7, 8, 15] and, therefore, cannot always be expressed in the form
of a simple power series. So far, attractor solutions are rare and have only been obtained in simple systems (i.e.,
conformal limit and/or simplified kinetic models) under highly symmetrical expansion dynamics (i.e., Bjorken [29]
and Gubser flows [30]).
In this paper we investigate the emergence of attractor behavior in an ultrarelativistic gas of hard spheres undergoing
Bjorken expansion. In this system, we prove that the Knudsen number is constant, which makes it possible to extract
the attractor solution in different regimes. We first show that the attractor solution can be determined analytically
in Israel-Stewart-like theories derived from the Boltzmann equation. In this case, we further demonstrate that the
gradient expansion converges absolutely in a finite range of Knudsen numbers – this is the first example where such a
series converges in an expanding system. We proceed to exactly determine the hydrodynamic attractor of this system
when its microscopic dynamics is described by the integro-differential Boltzmann equation with nonlinear collision
kernel (assuming classical statistics), going beyond previous attractor analyses of kinetic models defined within the
relaxation time approximation. We show that both attractors agree when the Knudsen number is small, but even as
the Knudsen number becomes large the deviations are never parametrically large.
2. General properties. We consider a homogeneous ultrarelativistic gas of hard spheres in Milne coordinates xµ =
(τ, x, y, ς) with line element (we set ~ = c = kB = 1)
ds2 = gµνdx
µdxν = dτ2 − (dx2 + dy2 + τ2dς2) , (1)
where τ =
√
t2 − z2 and ς = tanh−1(z/t). We further assume that the system is invariant under reflections around the
longitudinal ς-axis, which restricts any normalized time-like 4-vector to be of the form uµ = (1, 0, 0, 0), while space-like
4-vectors must vanish. In Cartesian coordinates this corresponds to a system undergoing longitudinal expansion called
Bjorken flow [29].
ar
X
iv
:1
90
8.
09
95
7v
1 
 [n
uc
l-t
h]
  2
6 A
ug
 20
19
2Under these assumptions the energy-momentum tensor Tµν is diagonal and can be written as
Tµν = diag (ε, P − pi/2, P − pi/2, P + pi) (2)
where ε(τ) is the energy density, P = ε/3 is the thermodynamic pressure of the ultrarelativistic gas, and pi(τ) is the
longitudinal component of the shear stress tensor. We remark that in this system the bulk viscous pressure vanishes.
We shall only take into account binary collisions, which implies that particle number is conserved. Under Bjorken
flow, the associated particle 4-current is simply given by Nµ = (n, 0, 0, 0), where n = P/T is the particle density and
T is the temperature.
A key feature of Bjorken flow with particle number conservation is that the dynamics of the particle density
decouples from that of the energy-momentum tensor. The conservation law, ∇µNµ = 0, leads to a simple equation,
dn
dτ
+
n
τ
= 0, (3)
whose solution can be determined analytically regardless of the microscopic properties of the fluid. One finds
n(τ) = n0τ0/τ, (4)
where n0 is the particle density at a time τ0. This feature allows us to determine analytically the mean free path of
the gas of hard spheres, `mfp = 1/(nσT ), which grows linearly with τ .
The mean free path determines the microscopic scale of the gas and its linear dependence with τ dramatically affects
the properties of the gradient expansion. This happens because the macroscopic scale associated with the gradients
of hydrodynamic variables also goes as τ . Therefore, the Knudsen number, which is given by
Kn =
`mfp
τ
=
1
n0τ0σT
, (5)
is a constant in Bjorken flow. Hence, we can treat the Knudsen number as a tunable parameter and study new
situations where the Knudsen number is large but there are no transient effects.
This behavior is very different than the one found in conformal systems [31–34], which have been thoroughly
studied before [5]. In this case, the microscopic scale goes as ∼ 1/T and the Knudsen number is time dependent since
Kn ∼ 1/(Tτ), being thus very large at early times while it decreases as ∼ τ−2/3 when τ is large1. This means that a
conformal system undergoing Bjorken expansion evolves towards local equilibrium, and the hydrodynamic attractor
of such systems is always well described by relativistic Navier-Stokes theory at sufficiently late times. Furthermore,
it also means that large Knudsen number can only be probed at early times where transient effects are expected to
be dominant. In this sense, going beyond this idealized situation is important to understand the cases where the
asymptotic regime remains far from equilibrium, as it occurs in the dynamics of the quark-gluon plasma formed in
ultrarelativistic heavy-ion collisions. The simplest microscopic system where this can be systematically studied is the
one considered in this paper.
3. Analytical solution of viscous hydrodynamics. We start our analysis by investigating the hydrodynamic regime
of Israel-Stewart-like theories [35–37] derived from the Boltzmann equation. In Bjorken flow, energy and momentum
conservation, ∇µTµν = 0, is encoded in a single equation for the energy density,
1
ε
dε
dτ
+
4
3τ
=
4χ
3τ
, (6)
where we introduced the dimensionless quantity χ = pi/(4P ). This conservation law is supplemented by a dynamical
equation for χ derived from kinetic theory [37–39], which reads
τpi
dχ
dτ
+
4τpi
3τ
χ2 +
τpipi
3τ
χ+ χ =
η
3Pτ
. (7)
Above, the shear viscosity η, relaxation time τpi, and τpipi are computed from the Boltzmann equation [37–39] and can
be expressed in the following simple form
η = a
T
σT
, τpi = b
η
4P
, τpipi = 3λ τpi, (8)
1 We remark in passing that the dimensionless time variable w = Tτ used in previous studies [5] is proportional to the inverse Knudsen
number in Bjorken flow.
3where σT is the total cross section and a, b, and λ are constants. In calculations in kinetic theory within the 14-
moment approximation, one finds a = 4/3, b = 5, and λ = 10/21. Nevertheless, the results derived in this section are
valid for any positive values of these coefficients.
Using the transport coefficients from (8), the equation for χ becomes
Kn
(
τ
dχ
dτ
+
4
3
χ2 + λχ
)
+
4
ab
χ =
4
3b
Kn. (9)
One can see that τdχ/dτ depends solely on χ since Kn is constant, which allows us to analytically solve this equation.
The analytical solution of (9) is
χ(τ) = A
[
1− c0 (τ0/τ)8A/3
1 + c0 (τ0/τ)
8A/3
]
− 3
8
(4 + abλKn)
abKn
, (10)
where
A =
√
144 + abKn (72λ+ aKn (64 + 9bλ2))
8abKn
(11)
and c0 is an integration constant. The energy density can then be determined to be
ε(τ) = c1
(τ0
τ
) 4
3 (1−A)+λ2+ 2abKn
[
1 + c0
(τ0
τ
)8A/3]
,
where c1 = ε(τ0)/(1 + c0) is another integration constant.
At sufficiently late times, we see that (10) becomes independent of its initial condition and χ approaches the constant
value
χatt = A− 3
8
(4 + abλKn)
abKn
. (12)
We remark that this asymptotic value is also a solution of (9). Therefore, (12) is actually an attractor solution where
the energy density is exactly given by
εatt(τ) = c1
(τ0
τ
) 4
3 (1−χatt)
. (13)
Note that all the information about the initial values are carried by the energy density. While χatt is constant in time,
we remark that it is a nontrivial function of the Knudsen number and, in principle, all the properties of the gradient
expansion can be extracted from (12). Furthermore, we stress that here the 0th-order approximation of the slow-roll
series [5, 15, 21] gives the exact result for the attractor.
In the gradient expansion, the attractor is expressed as a power series in Knudsen number. While the expression
for the analytical attractor in (12) is formally singular at Kn = 0, we note that this is a removable singularity2 since
limKn→0 χatt = 0. As a matter of fact, one can expand the square root in (12) in powers of Kn to define a series that
provides an analytical continuation of the attractor that is regular at the origin. For the sake of simplicity, we focus
on the case where λ = 0, which leads to the series
χatt =
∞∑
n=1
χn Kn
n, (14)
where the expansion coefficients are
χn = a
(
2
3
)n( 1
2
n+1
2
)(
a2b
)n−1
2 . (15)
2 For example, the function sin x
x
is also formally singular at x = 0. However, this singularity is removable and an analytic continuation,
which is regular at x = 0, can be defined for this function using the series
∑∞
n=0(−1)nx2n/(2n+ 1)!.
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FIG. 1: Dynamical evolution of pi/(ε + P ), computed using the Boltzmann equation (16), considering different values of the
total cross section. The dashed curves indicate the asymptotic values of this quantity, which determine the attractor.
This series representation converges absolutely when |Kn| < 3/(2a√b). This provides the first example where the
gradient expansion can be shown to converge in a relativistically expanding system. As expected, the first nonzero
term of the series is given by the relativistic Navier-Stokes value aKn/3 [3]. Furthermore, we note that if one takes
the values of a and b calculated in kinetic theory in the 14-moment approximation, i.e., a = 4/3 and b = 5, the series
converges absolutely when |Kn| < 9/(8√5) ≈ 0.5. We have checked that similar conclusions are valid when λ 6= 0 and
that the series in this case converges absolutely when |Kn| < 12/[a(√18b2λ2 + 64b+ 3bλ)].
It was generally expected that the gradient expansion diverges, at least in the case of rapidly expanding systems.
However, an important exception to a general statement regarding the divergent nature of the gradient series has
recently come to light from in-depth studies of holographic fluids [40, 41], which have shown that the near-equilibrium,
linearized spatial gradient expansion converges. A similar problem was also investigated a long time ago in the
context of kinetic theory in [42]. Based on these results, the authors of Refs. [40, 41] argued that a vanishing radius
of convergence should not be interpreted as a general property of the gradient expansion. Rather, they suggested
that its occurrence in previous examples may only reflect universal singular features of the flow displayed by rapidly
expanding systems. In this paper we show that this may not be the case since the attractor derived above can be
expressed as a convergent series, even though the system is rapidly expanding. Therefore, the fact that the system is
expanding is not a sufficient3 condition to guarantee that the gradient series diverges.
We emphasize that in this system the reliability of the Navier-Stokes limit is determined by the choice of the
initial particle density n0, initial time τ0, and the value of the total cross section σT , which determine Kn. If the
Knudsen number is sufficiently small, the late time dynamics of χ will be approximated by Navier-Stokes constitutive
relations. If Kn is not small, but is still within the radius of convergence calculated above, the attractor can be
systematically approximated by higher order truncations of the gradient series. On the other hand, if Kn is outside
the radius of convergence, the attractor given by (12) cannot be approximated by the usual constitutive relations
associated with hydrodynamic behavior. The latter is a clear example of the emergence of hydrodynamics, i.e., the
existence of universal constitutive relations between dissipative currents and gradients, even when the system is far
from equilibrium.
4. Hydrodynamic attractor of the Boltzmann equation. In this section we obtain the attractor of an ultrarelativistic
gas of hard spheres now from a microscopic perspective using the Boltzmann equation [44]. For Bjorken flow described
in Milne coordinates (1), the contribution from the Christoffel symbols cancel exactly, and the Boltzmann equation
becomes [33, 34]
k0∂τfk = C[f, f ], (16)
3 Nor is expansion a necessary condition for the divergence of the series. The gradient expansion was already shown to diverge even in
stationary regimes, see Ref. [43].
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FIG. 2: Attractor solutions for pi/(ε+P ) as a function of the Knudsen number for the Boltzmann equation (solid black curve)
and for Israel-Stewart theory computed using the 14-moment approximation (dot-dashed blue curve). For a comparison, we
also show the Navier-Stokes constitutive relation (red dotted curve).
where fk = f(τ ; k0, kς) is the single particle distribution function, kµ = (k0,k) is the covariant 4-momentum of the
massless particles with k0 =
√
k2x + k
2
y + k
2
ς /τ
2. The nonlinear collision kernel (assuming classical statistics) reads
C[f, f ] = 1
2
∫
k′,p,p′
Wkk′→pp′ (fpfp′ − fk − fk′) , (17)
where
∫
k
=
∫
d3k/
[
(2pi)3τk0
]
, and Wkk′→pp′ is the transition rate given by
Wkk′→pp′ = τ σT s (2pi)5δ(4)(kµ + k′µ − pµ − p′µ), (18)
with Mandelstan variable s = 2kµk′µ. Given a solution of the Boltzmann equation, one can determine any of the
moments of the distribution function, such as the particle number density n =
∫
k
k0fk, the energy density ε =
∫
k
k20fk,
and the shear stress tensor determined by pi =
∫
k
[
k20/3− (kς/τ)2
]
fk.
We note that the spatially homogeneous Boltzmann equation in Milne coordinates in (16) can be mapped onto a
homogeneous Boltzmann equation in Cartesian coordinates defined in a volume that increases linearly with time, and
with a longitudinal momentum that decreases with time as kς/τ . Using this, we solved (16) numerically employing
the method outlined in Ref. [45]. We checked that our results for a conformal system (with σT ∼ 1/T 2) reproduce
the numerical solutions of the Boltzmann equation in Bjorken flow previously performed in Ref. [46].
Since the Knudsen number is constant, the attractor solution for χ obtained from the Boltzmann equation must
also be constant. As a matter of fact, in this system any dimensionless quantity constructed using moments of the
Boltzmann distribution must asymptote to a constant. Therefore, the attractor for χ can be directly extracted from
the numerical solution of the Boltzmann equation evaluated at sufficiently late times. One can see this in practice in
Fig. 1, where the dynamical evolution of χ, computed using the Boltzmann equation, is shown for different values of
total cross section. We show several simulations that start in equilibrium at τ0 = 0.1 fm and T (τ0) = 0.5 GeV (at
vanishing chemical potential), with σT ∈ [0.06, 2] fm2. Therefore, each simulation has a different value of Knudsen
number. It is clear that χ approaches a constant value at late times, which decreases with increasing σT and, hence,
decreasing Kn. As a check, we also considered a case where τ0 = 1 fm, with the same initial temperature and chemical
potential as before, and verified that the constant value of χ achieved in this case is the same as the value found when
the cross sections that are ten times smaller. This shows that the attractor solution for the Boltzmann equation solely
depends on Kn.
In Fig. 2, we plot the exact Boltzmann attractor solution for χ (solid black curve) as a function of Kn. This result is
compared to the analytical attractor solution in Eq. (12) (dot-dashed blue curve) calculated with transport coefficients
given by the 14-moment approximation. For the sake of illustration, we also plot the Navier-Stokes approximation
for the attractor (dotted red curve). Both attractor solutions display similar qualitative features: a linear behavior
6at small Kn, well described by Navier-Stokes theory, which eventually saturates to a given value when Kn is large.
Quantitatively, the attractor solutions agree when the Knudsen number is small, Kn ≤ 0.1, but even as the Knudsen
number becomes large the deviations are never parametrically large. As a matter of fact, we note that even when
Kn  1 the attractors never differ by more than 20%. Such a small difference between the attractor solution found
within the effective hydrodynamic description (Israel-Stewart theory), and the corresponding attractor of the full
nonlinear Boltzmann equation, is remarkable. This result suggests that the effective hydrodynamic theories used in
heavy-ion collision simulations [47] can be extremely robust even when the Knudsen number is large.
It would be interesting to check if the Boltzmann attractor admits a convergent power series representation, as
happened in the case of Israel-Stewart theory. However, implementing the gradient expansion for the Boltzmann
equation, with the full collision operator, is a very complex task that has never been performed even in highly
symmetric setups. So far, this has only been worked out using a toy model of the collision operator, known as
the relaxation time approximation (RTA) [44], in Refs. [7, 8]. Using the method described in [7], we can at least
demonstrate that the gradient expansion diverges for an ultrarelativistic gas of hard spheres described by the RTA
Boltzmann equation. While this may indicate that the gradient series also diverges in the case of the full Boltzmann
equation, this is certainly not a proof and, thus, this question deserves further study.
4. Conclusions. In this work we calculated the hydrodynamic attractor of a gas of hard spheres, described by the
full Boltzmann equation, undergoing Bjorken flow. For this system, we further demonstrated that the Israel-Stewart
hydrodynamic equations, derived from the Boltzmann equation, can be solved analytically. We then proved that an
attractor solution does exist, and we determined its analytical expression. Differently than all the cases considered
before involving rapidly expanding fluids, in this case the gradient expansion converges absolutely in a finite range
of Knudsen numbers. Both the exact Boltzmann attractor and its Israel-Stewart counterpart qualitatively agree,
with visible quantitative deviations appearing only at large Knudsen numbers, which however remain 20% at best.
This shows that hydrodynamic theories used in heavy-ion collision simulations can be very effective, even in the
far-from-equilibrium regime where the Knudsen number is large. It is our hope that the results presented here may
contribute towards understanding the surprising effectiveness of relativistic hydrodynamics in the description of the
rapidly expanding quark-gluon plasma formed in heavy-ion collisions.
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